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THE CRAIGHERO-GATTAZZO SURFACE IS SIMPLY-CONNECTED 


JULIE RANA, JENIA TEVELEV, AND GIANCARLO URZUA 


Abstract. We show that the Craighero-Gattazzo surface, the minimal 
resolution of an explicit complex quintic surface with four elliptic sin¬ 
gularities, is simply-connected. This was conjectured by Dolgachev and 
Werner, who proved that its fundamental group has a trivial profinite 
completion. The Craighero-Gattazzo surface is the only explicit example 
of a smooth simply-connected complex surface of geometric genus zero 
with ample canonical class. We hope that our method will find other ap¬ 
plications: to prove a topological fact about a complex surface we use an 
algebraic reduction mod p technique and deformation theory. 


1. Introduction 

Simply-connected minimal complex surfaces of general type of geomet¬ 
ric genus zero, i.e. without global holomorphic 2-forms, occupy a special 
place in the geography of surfaces; see the excellent survey BBCPfl . These 
surfaces are homeomorphic (but not diffeomorphic) to del Pezzo surfaces, 
i.e. blow-ups of P 2 in 9 — K 2 points where 1 < K 2 < 8. Describing their 
Gieseker moduli space of canonically polarized surfaces, or even finding 
explicit examples, is difficult. The first example was found by Barlow llBall . 
Her surface has K 2 = 1 and contains four (—2)-curves. Contracting them 
gives a canonically polarized surface with four A\ singularities. One can 
show by deformation theory that the local Gieseker moduli space of the 
Barlow surface is smooth and 8-dimensional, and there exist nearby sur¬ 
faces which are smooth IICLl Th. 7] and [fl. 

More examples, including examples for every 1 < K 2 < 4, were found 
using Q-Gorenstein deformation theory, starting with the pioneering work 
of Lee and Park liLPll ; see also I PPSal IPPSbl (SU L From the moduli space 
perspective, the Gieseker moduli space of canonically polarized surfaces 
with ADE singularities is compactified by the Kollar-Shepherd-Barron- 
Alexeev (KSBA) moduli space of canonically polarized surfaces with semi 
log canonical singularities iKSBl . We call the complement of the Gieseker 
space the KSBA boundary. Lee, Park, and others explicitly constructed spe¬ 
cial points on the KSBA boundary, and proved (using deformation theory) 
that the local KSBA moduli space is smooth at these points, and that one 
can find nearby surfaces which are smooth. To compute the fundamental 
group of the smoothing, one has to look into what happens when the sin¬ 
gularity is replaced with the Milnor fiber. In the presence of special curves 
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on the singular surface, one can use Van Kampen's theorem to compute the 
fundamental group of the smoothing; see the proof of Theorem l6.2l 

Another remarkable surface was found by Craighero and Gattazzo IICGII . 
Their surface S is the minimal resolution of singularities of an explicit quin- 
tic surface (12.Ill with four elliptic singularities. This surface has Kg = 1. 
It was proved by Dolgachev and Werner flDWI that S is canonically polar¬ 
ized and that its algebraic fundamental group (i.e. the profinite completion 
of the fundamental group) is trivial. In addition, it was proved by Catanese 
and Pignatelli I CPl Th. 0.31] that the local moduli space of S is smooth of 
dimension 8. It was originally claimed in HDW1 that S is simply-connected, 
but a serious flaw was discovered in the proof; see ( DWl Erratum], 

The goal of this paper is to prove that S is simply-connected using an al¬ 
gebraic reduction mod p technique and deformation theory. We would like 
to use the Lee-Park argument involving the Milnor fiber of a Q-Gorenstein 
deformation and Van Kampen's theorem. In order to do that, we need a 
Q-Gorenstein family of complex surfaces S — > U over a smooth irreducible 
complex curve U, such that one of the fibers is the Craighero-Gattazzo sur¬ 
face S and another fiber is a simply-connected surface with a cyclic quotient 
singularity and containing a special curve configuration needed to prove 
simply-connectedness. However, it is not clear how to explicitly construct 
a family containing the Craighero-Gattazzo as a fiber because no explicit 
model of the moduli space is known. 

Our trick is to work out an integral model of the Craighero-Gattazzo sur¬ 
face over a ring of algebraic integers. One obvious model is given by the 
quintic equation. In an REU (research experience for undergraduates) di¬ 
rected by the first two authors, Charles Boyd discovered that this arithmetic 
threefold has a non-reduced fiber in characteristic 7, and its local equation 
has a very special form. Over the complex disc, analogous families of quin¬ 
tic surfaces were studied by the first author in f Rt . where it was proved that 
the KSBA replacement acquires a ^(1,1) singularity in the special fiber. In 
fact, it is proved in fRj that numerical quintic surfaces with a |(1,1) singu¬ 
larity form a divisor in the KSBA moduli space (and this divisor is explicitly 
described). The upshot is that, to some degree, it can be hoped that this sin¬ 
gularity appears in one-parameter families of surfaces, including families 
over a ring of algebraic integers. We show that the KSBA limit of S over 
the 7-adic disc is a surface Sq with a |(1,1) singularity. We use the word 
"KSBA limit" somewhat loosely here because existence of the mixed char¬ 
acteristic KSBA moduli space (or even canonical KSBA integral models) is 
still only conjectural. 

The minimal resolution of So turns out to be a very special and beautiful 
Dolgachev surface, i.e. an elliptic fibration over IP 1 with two multiple fibers, 
one of multiplicity 2 and one of multiplicity 3. We call it the Boyd surface. 
By pure luck, it carries a special curve, which, if it were a complex surface, 
would have allowed us to conclude that the Craighero-Gattazzo surface 
S is simply connected. Of course our degeneration is over the 7-adic unit 
disc, so we can not use Van Kampen's theorem directly. Our main idea 
is to use deformation theory to conclude that S admits an analogous (but 
no longer explicit) degeneration over the complex unit disc to a complex 
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surface Dq with a |(1,1) singularity such that its minimal resolution is a 
complex Dolgachev surface analogous to the Boyd surface. 

As an application of our construction, we show in Theorem l7.2l that there 
exist simply-connected Dolgachev surfaces (with multiple fibers of multi¬ 
plicity 2,3) which carry algebraic genus 2 Lefschetz fibrations, specifically 
genus 2 fibrations without multiple components in fibers and such that 
the only singularities of fibers are nodes. Dolgachev and Werner showed 
existence of a genus 2 fibration on the Craighero-Gattazzo surface [DWl 
Prop.3.2], If this fibration had only nodal singular fibers, then by combin¬ 
ing our theorem that the Craighero-Gattazzo surface is simply-connected, 
we would have the existence of a simply connected numerical Godeaux 
surface with a genus 2 Lefschetz fibration. By fFrl . these surfaces are home- 
omorphic to IP 2 blown-up in 9 or 8 points, respectively. In the symplectic 
category, Lefschetz fibrations on knot surgered elliptic surfaces in the ho- 
motopy class of P 2 blown-up at 9 points were constructed in IlFSll and in the 
homotopy classes of P 2 blown-up at 8 or 7 points in BBKfl . 

Acknowledgements. We are grateful to Paul Hacking for numerous dis¬ 
cussions about moduli of stable surfaces, to Inane Baykur for his suggestion 
to construct Lefschetz fibrations mentioned above and to Charles Boyd for 
writing and testing Macaulay2 scripts which were used to find the KSBA 
limit of the Craighero-Gattazzo surface in characteristic 7. The first author 
was partially supported by the NSF grant DMS-1502154. The second au¬ 
thor was supported by the NSF grant DMS-1303415. The third author was 
supported by the FONDECYT regular grant 1150068. 

2. Stable limit of the CG surface in characteristic 7 

Let TcPj.be the quintic surface 

a 2 (x 2 y 3 + x 3 t 2 + y 2 z 3 + z 2 t 3 ) + m 2 (x 3 z 2 + x 2 z 3 + y 3 t 2 + y 2 t 3 ) + 

2 am(xyz 3 + xy 3 t + x 3 zt + yzt 3 ) + 14 m(x 3 yz + y 3 zt + xz 3 t + xyt 3 ) + 
7b(x 2 y 2 z+y 2 z 2 t+x 2 yt 2 +xz 2 t 2 )+14:a(xy 3 z+x 3 yt+yz 3 t+xzt 3 )+ (2.1) 

c(x 2 yz 2 +x 2 z 2 t+xy 2 t 2 +y 2 zt 2 )+7e(xy 2 z 2 +x 2 y 2 t+x 2 zt 2 +yz 2 t 2 ) + 
f(x 2 yzt+xy 2 zt + xyz 2 t+xyzt 2 ) + 4Q{x 3 y 2 + y 3 z 2 + z 3 t 2 +x 2 t 3 ) = 0. 


The coefficients are (from HCPl page 25], multiplied by 49) 

a = 7 r 2 , b = -2 r 2 + 13r + 18, c = 73r 2 + 75r + 92, 

e = — r 2 + 24 r + 9, / = 181r 2 + 241r + 163, m = 3r 2 + 5r + 1, 

where r is a complex root of the equation 

r 3 + r 2 - 1 = 0. (2.2) 

The surface is invariant under the /x 4 action which cyclically permutes the 
variables as follows: x -A y —> z —> t —> x. It is singular at the points 

Pi = [1 : 0 : 0 : 0], P 2 = [0 : 1 : 0 : 0], P 3 = [0 : 0 : 1 : 0], P 4 = [0 : 0 : 0 : 1]. 

3 





FIGURE 1. The Craighero-Gattazzo quintic 

Its minimal resolution is the Craighero-Gattazzo surface S. Exceptional di¬ 
visors over P\..... P4 are elliptic curves £ 1 ..... £4 such that £f = — 1 for 
each i. These singularities are sometimes called singularities of type E$. 

The equation (12.11) gives an integral model of X over SpecZ[r]. Since 3 
is a simple root of (12.21) in Z/(7), by Hensel's Lemma we have a section 
SpecZ 7 —>• SpecZ 7 [r], where Z 7 is the ring of 7-adic integers. Pulling back 
the integral model with respect to the base change SpecZ 7 —>• SpecZ 7 [r] —>• 
SpecZ[r] gives the family X over SpecZ 7 . The corresponding root of (12.21) 
modulo 7 3 is equal to 143 and after some manipulations the equation of X 
to the order of 7 3 takes the form 

/ 1/2 + 7 / 2/3 + 7 2 fa + (higher order terms), (2.3) 

where /i, f 2 , / 3 , /s G Z/(7)[x, y, z , t] are the following forms (the subscript 
indicates the degree): 

fi = x + y + z + t, 
f 2 = xz + yt, 

h = 2 (x 2 y + y 2 z + z 2 t + xt 2 ) + x 2 z + xz 2 + y 2 t + yt 2 - 

,0000 . 

3 (xy +yz -t -xt + zt + xyz + xyt + xzt + yzt), 

and 

f 5 = x 3 y 2 + x 3 z 2 + y 3 z 2 + x 2 z 3 + y 3 t 2 + z 3 t 2 + x 2 t 3 + y 2 t 3 + 
x 3 yz + y 3 zt + xz 3 t + xyt 3 — xy 2 z 2 — x 2 y 2 t — x 2 zt 2 — yz 2 t 2 — 

x 2 yzt — xy 2 zt — xyz 2 t — xyzt 2 -3 x 2 y 3 — 3y 2 z 3 — 3 x 3 t 2 — 3 z 2 t 3 — 

2 x 2 y 2 z - 2 x 2 yz 2 - 2x 2 z 2 t - 2 y 2 z 2 t - 2 x 2 yt 2 - 2xy 2 t 2 - 2y 2 zt 2 - 2xz 2 t 2 - 

3xy 3 z — 3x 3 yt — 3yz 3 t — 3 xzt 3 . 
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This expansion shows that the special fiber of X is the union of the plane 
L = (j\ = 0) and the quadric surface Q =- (j '2 = 0) with multiplicity 2. 
In particular, it is not reduced. 

Let k be an algebraically closed field of characteristic 7 and let 1Z be its 
ring of Witt vectors. We denote the pull-back of X to Spec 1Z (with respect 
to the canonical inclusion Z 7 1Z) by the same letter X. We also pullback 
L and Q to k. 

We would like to compute the stable limit of the generic fiber of X. Over 
the complex disc, stable Q-Gorenstein limits of families of the form (12.31) 
were computed by the first author El, and semi-stable Gorenstein limits of 
sufficiently general families by Ashikaga and Konno lAKI . In our case the 
disc is 7-adic but the computation is the same. We now describe what the 
stable limit is, postponing the proof to Lemma l2~4l 

Let A = fflQcQ~Pjx PjL It is a curve in the linear system \0{\, 1)|. 
The curve 

Q n (/f - 4/1/5 = 0 ) C x 
is the union of two curves in the linear system |0(3, 3)|: 

B\ = Q n ( xy 2 + 3 x 2 z — 3 y 2 z + 3 xz 2 — 3 xt 2 + zt 2 = 0 ) (2.4) 

and 

B 2 = Q n ( yz 2 + 3 y 2 t — 3 z 2 t + 3yt 2 — 3 yx 2 + tx 2 = 0). (2.5) 

Figure |2 shows how these curves intersect, where ..., A 4 are rulings 
ofP£ x Pjf, and {Qi, Q 2 } = A D Bi D B 2 . 



FIGURE 2. Data in Q ~ P^ x P], 

Lemma 2.1. Let 

7 r : Z^FlxFl 

be the double cover branched along B\ U L>2- The surface Z has 4 simple elliptic 
singidarities of type E$ over Pi,..., P 4 , and two A\ singularities over Q 1 and Q 2 . 
It is smooth elsewhere. 
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Proof. Direct calculation. □ 

We denote the ramification curves in Z by B\ and B 2 , and we denote the 
singular points of Z by the same letters as their images in P 1 x P 1 . Finally, 
7 t _ 1 (A) is the union of two smooth rational curves: Ai and A 2 . 

Unless it causes confusion, we adopt the following convention through¬ 
out this paper: we use the same letter to denote an irreducible curve and 
its proper transform after some birational transformation. 

Definition 2.2. We call the minimal resolution Y of Z the Boyd surface. 

The Boyd surface contains elliptic curves E \,..., E 4 of self-intersection — 1 
(preimages of elliptic singularities of Z), (—2)-curves N\ and N 2 (preimages 
of A\ singularities of Z), and (—4)-curves Ai and A 2 . 

Definition 2.3. Let So be the surface obtained by contracting the (—4)-curve 
Ai. 

Lemma 2.4 (c.f. 0). There exists a flat family S —> Spec IZivith special fiber So 
and generic fiber the Craighero-Gattazzo surface S (after pull-back to Q. Near the 
singular point of the special fiber, the family is formally isomorphic to 

(xy = z 2 + 7) C ^(1,1, 1 ) 7 ?. := Spec72[x,y,zp, 
where p 2 acts by x ^ —x, y 1 —>■ —y, z *->■ —z. 

Proof. We first produce the stable limit of the Craighero-Gattazzo quintic X 
in characteristic 7. Let X° be the generic fiber of X given by equations (12.31) . 
Consider the family X —>• Spec 7 Z given by equations 

{hw 2 + hw + h + h.o.t. = 0, f 2 = 7 w) C P‘[ x: y: Z:t:w ](7, 1,1,1,2 )n 

obtained by substituting f 2 for 7 w in the first three terms of (12.31) and divid¬ 
ing by 343. Here, and throughout, "h.o.t." refers to higher order terms with 
respect to the 7-adic valuation. The generic fiber of X is clearly isomorphic 
to X°. 

The special fiber Xq is given by equations 

(fiw 2 + hw + h = 0, h = 0) C Pf x:i/:a:t:i0] (l, 1,1,1, 2) fc . 

We claim that it is isomorphic to the surface Z' obtained by blowing down 
4 elliptic (—l)-curves on So to Ug-singularities. 

The point (0 : 0 : 0 : 0 : 1) is an isolated singularity with equation, in a 
local chart, 

(/l + /3 + /5=0, /2 = 0)C^(1,1,1,1). 

The singularity is formally isomorphic to 

(xy = z 2 ) C ^(1,1,1 )k, 

which has a (—4)-curve as the resolution graph. Moreover, the equation of 
the whole family X near this point is formally isomorphic to 

{xy = z 2 + 7) C ^(1,1, T)n- 
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Next we analyze Xq away from to = (0 : 0 : 0 : 0 : 1). We use the 
generically 2 : 1 map n : So \ {to} —> Q given by [x:y:z:t:w\—> 
[x : y : z : t\. Away from A = L n Q, n is a double cover branched along 
(/f — 4 / 1/5 = 0) = P 1 UP 2 . Thus it can be identified with Z'\(A 2 UA r iUiV 2 ). 
Over A, but away from to (which includes Q 1 and Q 2 ) the map tt is one- 
to-one. The preimages of Q\ and Q 2 are lines (with coordinate w). The 
preimages of the other four points where fs = 0 are empty; in Figure [2] 
these are the points where B\ and B 2 are tangent to A. It follows that 
X() and Z' are normal surfaces isomorphic in codimension 1, and therefore 
isomorphic. 

It remains to notice that the family X has P§ singularities along the sec¬ 
tions (1 : 0 : 0 : 0 : 0), (0 : 1 : 0 : 0 : 0), (0 : 0 : 1 : 0 : 0), and (0 : 0 : 0 : 1 : 0). 
Resolving them gives a family S —t Spec 1Z with special fiber So and generic 
fiber (after pulling back to Spec C) the Craighero-Gattazzo surface S. □ 


3 . Study of the Boyd surface - vanishing of obstructions 
We have a commutative diagram, 

W —Y -» Z 


Q = K.x Pi 


k * R k 

where the vertical maps are double covers and the horizontal maps are bi- 
rational. Here P is obtained by blowing up Q\ and Qo (let N\ and N 2 be the 
exceptional divisors), blowing up Pi,..., P 4 (let C], C 4 be the excep¬ 
tional divisors), and then blowing up these 4 points again in the direction 
of the tangent cone to Pi U B 2 (let Pi...., P4 be the exceptional divisors). 
Since 

4 4 

Pi + P 2 + 21Vi + 2 N 2 ~ 6<t*(Oq( 1, 1)) - 3 N e ‘- 6 E«. 

2=1 2=1 

we have 


Pi + B 2 + 2N\ + 2N 2 ~ 3 EA+E e < < 3 -'> 

\i=i i =1 J 

as well as 

4 44 

Pi + P 2 + Gi ~ 2(3a*(0 Q (l, 1)) - iVi - N 2 - 3^ E t - ^ G.) . (3.2) 
2=1 2=1 2=1 

We define W to be the double cover of P branched along the smooth curve 

P = Pi + B 2 + G\ + ... + G 4 . 

Let Ni,Ei,Gi C W be the preimages of N t . E t . Gi, respectively. The curves 
Gi,..., G 4 are (—l)-curves, and contracting them gives the Boyd surface Y. 
The curves N\ and N 2 are (—2)-curves on Y, while Pi..... P 4 are elliptic 
(—l)-curves (i.e. elliptic curves with self-intersection —1). 

Theorem3.1. P 2 (P,Ty(-log(Ai + N x ))) = 0. 
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(3.3) 


Proof. We follow |R} 4.8, 4.10] closely. It suffices to show that 
H 2 (W, Tw(— log(Ai + Ni))) = 0. 

Indeed, if this is the case then Serre duality implies 

0 = H°(W, fi^(log(Ai + Ni))(K w )) = 

H°(Y,t* [^(log(A! + Ni))(Gi + ... + G 4 )\ ( K y )) = 

(by Lemma 13731) 

= H°(Y,Q\r(log(A 1 + Ni))(K Y )) = H 2 (Y, T y (- log(Ai + iVi))) v . 

Arguing as in |R] 4.8], (13.311 will follow if we can show that 

H 2 (W, T w {- log(A! + A 2 + Ax)))_ = 0, (3.4) 

and 

H 2 (W,T w (-log(N 1 )))+ = 0, (3.5) 

where +/— denotes the symmetric/skew-symmetric part with respect to 
the // 2 -action on the double cover. Explicitly, and using Serre duality mul¬ 
tiple times, if a € H°(W ., f)Jy(log(Ai + Ni))(K)), then since 

^w(l°g(Ai + A r i))(if ) C fljy(log(Ai + A 2 + N\))(K) 

the one-form a must be invariant. But // 2 interchanges Ai and A 2 , so that 
a does not have a pole along Ai. Thus, a € fi^log N{)(K) is an invariant 
one-form. Equation (13.511 implies that a = 0. 

Proof of (13.41) . At each of the points Q 3 ,---,Qg (the remaining points of 
Bi D A) we blow up twice to obtain a surface Pi where A and B L have 
normal crossings. Let Q, E), i = 3,..., 6 be the exceptional divisors of these 
blowups, so that on Pi we have Cf = —2 and F 2 = —1. Let o' : Pi —>■ Q be 
the composition of these blowups, and let / : Wi —t Pi be the double cover 
branched over B\ + E? 2 + Gi + C*- 

The surface Wi contains (—1)-curves C h and (—2)-curves F t which con¬ 
tract to give the surface W. By the (-1)- and (—2)-curve principles l l’SL. 
Prop. 4.3, Thm. 4.4] (here we only need the (—l)-curve principle), we have 

H 2 (W u T Wl {- log(Ai + A 2 + N^)) ~ H 2 (W, T w (- log(Ai + A 2 + Ni))). 

Notice that the double cover / is defined by (see (13.21) 1 

B\ + f? 2 + Gi + Ci ~ 2 L, 

where 

L ~ 3o'*(O q (F 1)) - ^ Gi - 3 £ Ei - Y, ^ - £ F t . 

Also we have 

K Pl = -2 o'*(Oq(1, 1)) + £ Ni + £ Gi + 2 £ Ei + £ Q + 2 £ F u 

and so 

K Pl + L ~ o'*(Oq( 1 , 1)) - ^ 2 E i+^ 2 Ci+^ 2 F i. 

By Lemma 1372] we have 

f*(T Wl (- log(Ai + A 2 + iVi)))_ = T Pl (- log (A + Ni))(-L). 





By Serre duality, it suffices to prove vanishing of 

H°( Pi, fli (log(A + N!)){K Vl + L)), 


or 


^(logCA + NiWiOqi 1,1)) - E ^ + E ^ + E % 

By Lemma l3~3l we have 

og(A + JV 1 ))(a , *(O 0 (l, 1)) - E ^ + E ^ + E ^)) 

C o'(fiJ^A + Ax + o'*(0 Q (l, 1)) - E Ei + E <3 + E ^)) 

= cr'(f2p 1 (cr , *(A) + a'*(0 Q ( 1,1)) - A 2 - E ^ " E ^)) 
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C fig © Oq (2,2) © Xg 2 (^) Z Pi 


Since fig = 0g(—2,0) © 0g(O, —2), we have 

f^©0g(2,2) = Og(O,2)©0g(2,O). 

Thus, any global section of Qq © Oq (2, 2) © Iq 2 &)f =1 Zp is a global section 
of Oq{ 0, 2) © Oq{ 2, 0) vanishing at the points Q 2 , Pi, ..., -P 4 . Since these 
points are in three distinct horizontal and vertical fibers of Q, any such 
global section must be 0. This completes the proof of Equation l3.4l 

Lemma 3.2. Let Y be a smooth projective surface defined over mi algebraically 
closed field of characteristic f 2. Let f : X —>• Y be a double cover with a smooth 
branch divisor B c Y. Let C = /” 1 (P) be the preimage of a smooth curve D on 
Y, and suppose that D intersects B transversally. Then 

f*(&x (log C)) = ^(log(P))©^y(log (D + B))(-L) 

and 

f*(Tx(- log C)) = Ty(- log (D + B)) © T y (- log (D))(-L) 
where B ~ 2 L. Moreover, these decompositions break the sheaves into their invari¬ 
ant and anti-invariant subspaces under the action of p 2 by deck transformations. 

Proof. The surface X is defined in the total space of the line bundle L by 
the equation z 2 = x where x is a global section of Oy(2L). This allows us 
to work etale-locally, using the argument of IB 4.6]. □ 

Lemma 3.3. Let Y be a smooth projective surface defined over an algebraically 
closed field. Let a : X —>■ Y be the blowup of p € Y with exceptional divi¬ 
sor E. Then for every integer m > 0, we have = fly. Moreover, 

atjTlxj—E)) = fly © Z p , where Z p is the ideal sheaf of the point p. 

Proof. Let tj be the generic point of Y. The sheaves <j*(Pl\(mE)) and fly 
are subsheaves of the constant sheaf with stalk f2y (the sheaf of rational 
differentials). A local section of cr*(Pt l x {mE)) is regular outside of p and 
therefore regular at p since fly is locally free. Thus we have an injective 
map i : a^(Pl\(mE)) —>• fly. It is surjective because given a local 1-form 
a <G fly (jU ), the 1-form a* {a) € fl] c (a~ 1 (U)) C f l l x {mE){cr~ l {U)) maps to 
a. 
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For the second part, we have an injective map i : a^(Q l x (—E)) —y fly, as 
above. Moreover, any one-form i{a) in the image of i vanishes at p, since a 
vanishes along E. Thus, the image of i is the sheaf fly ® Z p . □ 

Proof of (13.51) . Note that we have the short exact sequence 

0 —> T\v(— log(Ai + A 2 + N\)) — y log N\) —> A/a 1 /w ® A/"a 2 /w 0- 

Since H 2 (W, JSai/w ® A/a 2 /w) = 0/ if suffices to prove that 

H\W, T w {- log(A! + A 2 + N{))) + = 0. 

This part is more delicate and the proof occupies the rest of the section. 

By Lemma [3/2l we have 

f*{Tw 1 ( — log(Ai+A2+A1)))+ = Tf’ 1 (—log(A+Ni+Bi+B2+'^^Gi+'^2Ci)). 

Again applying the (—1) and (—2)-curve principles, it suffices to show that 

iT 2 (Pi,Tp 1 (—log(A + B\ + Bf))) = 0. 

To begin with, we claim that 

H 2 (¥ 1 ,T Pl (-]og(B 1 + B 2 ))) = 0. (3.6) 

Because B\ and B 2 have simple normal crossings after contracting the curves 
Ci and Fi, it suffices to show that 

AT 2 (P,T p (— log(S 1 + S 2 ))) = 0 

or equivalently (by Serre duality) 

H°( P, f#(log(5i + B 2 ))(-2D + + J2 Qi + 2 2 ^)) = O' 

Letting T = Op(—2D + JfNi + JfGi + 2Y^ Ef), we have the short exact 
sequence 

0 —y fl Pl ® E —y i2p(log(f?i + b 2 )) ® E —y (@Bi ® 0^2) ® E —y 0 . 

The products Bj ■ T = — 4 < 0 for j = 1,2 and thus 

H\{0 Bi ®0 B 2 )®E) = 0. 

The projection formula and Lemma I3T31 give 

ff°(Pi, fl Pl <S> E) ~ H°(Q, nJj(-2 D)). 

The sheaf flg(— 2D) = Oq(— 4, —2) © Oq{— 2, —4) has no global sections, 
completing the proof of claim (13.6b . 

Now consider the short exact sequence 

0 —y Tp 1 (— log (A + B\ + .£> 2 )) y Tp 1 ( — log(2?i + B 2 )) —y A/"a/ Pi — t 0. 

By claim (13.61) . vanishing of H 2 ( Pi, T Pl (— log (A + /i| + /i 2 ))) will be com¬ 
plete once we show that the map 

fL 1 (Pi,T Pl (-log(.B 1 + S 2 ))) ^(Pi^a/pJ (3.7) 

is surjective. We identify H 1 (Pi, T Pl (— logf/ii + /f 2 ))) with the space of first- 
order infinitesimal deformations of Pi which contain an embedded first- 
order deformation of B\ U B 2 . We identify H 1 ( Pi, A/a/fJ with the space of 
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obstructions to deforming A in Pi. Thus, the map (13.7b factors through the 
natural map 

H 1 (Pi, T Pl ) H 1 (Pi, W A/Pl ) (3.8) 

which sends an infinitesimal first-order deformation of Pi to the obstruc¬ 
tion to deforming A in this first-order deformation of Pi. We have to show 
that given any such obstruction, there is a deformation of the pair (Pi, B \ + 
P 2 ) that maps to the given obstruction. 

Recall that Pi is obtained from P 1 x P 1 by blowing up once at each of 
Qi,...,Q 6 ;Pi,...,P 4 , and again at each of Q 3 ,... , Qe in the direction of the 
proper transform of A and at each of Pi,..., P 4 in the direction of tangent 
cone of Pi U P 2 - We denote by 02 : Pi —t Q the "intermediate" blowup, i.e. 
the map which contracts the last eight (— 1 )-curves on Pi. 

We have the following exact sequence of sheaves on Q 

6 4 

0 —> (cr 2 )*T Pl -t Tq —>• (J) kg. ® (J) kp. -> 0. 

i=3 i— 1 

Looking at the corresponding exact sequence in cohomology, we see that 
every infinitesimal first-order deformation of Pi arises from either an in¬ 
finitesimal first-order deformation of Q (corresponding to an element of 
H 1 (Q. T ( -f)) or from an infinitesimal first-order deformation of the points 

Qs, ■ ■ ■ > Qg, Pii ■ ■ ■ 1 P 4 on Q, or both. This latter space is isomorphic to a 
vector space V = ( k 2 ) 8 . We note that V has a linear subspace V\ ~ k 8 corre¬ 
sponding to infinitesimal first-order deformations of the points Qs,, Qq, 
Pi, ..., P 4 to points along the exceptional divisors of 02 , i.e. changing the 
tangent direction of the infinitely-near blowup. 

Similarly, because P 1 x P 1 is rigid, every first-order infinitesimal defor¬ 
mation of Q arises from a first-order infinitesimal deformation of the points 
Qi,..., (^ 6 ; Pi, • • • j P 4 in P 1 x P 1 . This latter deformation space is isomor¬ 
phic to the vector space W = ( k 2 ) 10 . Thus, we have short exact sequences 

H\ Pi,T Pl ) H\Q,T q ) ->• 0 

0 -> P°(P 1 xF'^pixpi) ^ H\Q,Tq) ^0 

signifying that every first-order infinitesimal deformation of Pi, and there¬ 
fore of (Pi, Pi U P 2 )/ arises from a first-order infinitesimal deformation of 
the points Q 1 ,..., Q& Pi,..., P 4 in P 1 x P 1 (i.e., an element of W) or a first- 
order deformation of Q 3 , ..., Qq, Pi, ..., P 4 in Q, or both. 

We note that (13.811 . and even V\ —> H x (Pi, A/"a/p, ), is surjective, i.e. each 
obstruction in H 1 (Pi,A/ a/ P i ) arises from a first-order infinitesimal defor¬ 
mation of Qi,...,Q 6 and the tangent directions of Q 3 ,..., Qq in P 1 x P 1 
that fails to induce a first-order embedded deformation of A. 

Lemma 3.4. The space P 1 (Pi, A/a/pJ has dimension 7 and has the following 
distinguished basis. Each basis element comes from a first order deformation of Pi 
which fixes Q 1 , Q 2 , Q 3 (this takes care of infinitesimal automorphisms of P 1 x P 1 ) 
and either 
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• Ik for k = 1,2,3 leaves the tangent direction at Q 3 fixed, i.e. parallel to 
A, and moves Qk +3 £ {Q 4 , Q 5 , Qe} off A while keeping the remaining 
points and their tangent directions fixed, i.e. parallel to A, or 

• h for k = 4,5, 6 ,7 fixes Qk-i £ {Q 3 , Qi, Q 5 , Qe} an d changes the 
tangent direction at Qk-i, moving the remaining points of Q 4 , Q$, Q§ 
along A and keeping the tangent directions at these remaining points fixed, 
i.e. parallel to A. 

Proof. Simple calculation. □ 

To show that the map (13.71) is surjective, it suffices to show that for each 
deformation type listed, there exists an equisingular deformation of Pi UP 2 
in P 1 x P 1 which passes through the points to which Qi,. ■ ■ ,Qe deform and 
which has the desired tangent direction at each point. 

To begin, let us choose bi-homogeneous coordinates ((a : a'), (3 : 3')) 
on Q = P 1 x P 1 so that a = | = — I and (3 = | = — Let g± and <72 be 
the equations (bihomogeneous of degree (3, 3)) of B\ and B 2 , respectively. 
Referring to (12.41) and (12.51) . we have 

<71 = -aa' 2 f + 3a 2 a'p 2 f3' - 3/3 2 /3'a ' 3 - 3aa , 2 /3ff 2 + 3a s /3/3 ' 2 + a 2 a'ff 3 

g 2 = -/^'V 3 - 3aa , 2 p 2 ff + 3aa , 2 ff 3 - 3 pff 2 a 2 a' + 3 fa 2 a' - f 2 ffa 3 . 

Global first order deformations B\ and B) of /i| and B -2 are given by 
equations 

<]\ + egi = gi + e ^ a ij a l a' 3 ~ l f3 ,3 ~ j 

0 <i,j <3 

and 

92 + £92 = 92 Be ^ b i:j a l a' 3 ~ l /3 3 ff 3 ~ 3 , 

0 <*,j <3 

respectively. In order to describe equisingular first-order deformations of 
/1 1 IJ Bo, we move the singularities of B\ and B 2 at P\ ..... f 4 to the points 
(eci, edi), ..., (ec 4 , edf), given in local coordinates on U\..... U 4 c Q re¬ 
spectively, where 

Ui = {a = = 1}, U 2 = {d = P = 1}, 

U 3 = {a = ff = 1}, U A = {o' = = 1}. 

To simplify calculations, we change coordinates on U\,... , U 4 , so that the 
points (eci, edi ),..., (ec 4 , edf) are at the origin. 

Letting g l3 + eg 1/} be the degree j part of the equation g, + eg, with respect 
to the new coordinates, we have the following conditions. These ensure 
that B\ U Bo maintains the singularities, with possibly different tangent 
cones, at the points to which P\...., P 4 deform. For simplicity we use the 
same notation for Pi ,..., P 4 and the points to which they deform. 

(1) <7io + £ <?io = 0 on each U,. This forces B\ to pass through P\,..., P 4 . 

(2) <711 + £<711 = 0 on U\, U 4 . This forces B\ to be singular at Pi and P 4 . 

(3) <712 + eg \2 = (m + mie)(< 72 i + eg 2 i) 2 , for some constants m, mi, on 
U\, U 4 (where rn. m\ may differ on U\, U 4 ). This forces the tangent 
cones of B\ at Pi and P 4 to be the same as those of B > at Pi and P 4 . 
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( 4 ) 5i3 + £513 = (521 + eg2i){h + e/ii), where h and hi are quadratic 
forms. By Lemma [3761 this forces B\ to have tacnodes at the points 
Pi and P4. 

( 5 ) 520 + £520 = 0 on each U l . This forces and Bo to pass through 
Pi,...,P 4 . 

(6) 521 + £521 = 0 on U2, Us- This forces Bo to be singular at P2 and P3. 

( 7 ) 522 + £522 = (n + nie)(5n + £511 ) 2 , for some constants n, n\, on U2, 
U3 (where n, n\ may differ on U2, U3). This forces the tangent cones 
of B‘2 at P2 and P3 to be the same as those of Pi at P2 and P3. 

(8) 523 + £523 = (511 + £5ii)(fi + ehi), where h and h\ are quadratic 
forms. By Lemma l 3 T 6 l this forces P2 to have tacnodes at the points 
P 2 and P 3 . 

Returning to original coordinates, and after simple algebraic manipula¬ 
tions, this gives the following system of 28 linear equations in c t , d % . aij, bij 
(four blocks for four charts): 

Equations 3.5. 

033 = 0 

&33 = <h - 3ci 
<232 = — 3 ci — 6 d\ 

(223 = 2 ci — 3di 
022 = 031 + ^23 + 3^32 
013 = 2031 — 2632 + 4^23 
2 ci — d\ + 3 ai 2 + 003 + 2 a 2 ! — 030 = 0 


O30 = — 1 C2 — 3 d 2 

&30 = 0 

^31 = 3c 2 + 2d 2 
&20 = 3 d 2 + C2 

632 = 26 io + 4a3i + 2a2o 
621 = 6610 + 6031 + 3(220 
5 c2 + 3^2 T 5 &oo T 36 ii + 6622 T ^633 = 0 


o 03 = C3 + 3d 3 
^03 = 0 

602 = 2 d 3 + 3 c 3 
613 = 3 d 3 + C3 
feoi = 5ai3 + 2623 + 3oo2 
612 = 4ai3 + 6^23 + ao 2 
C3 + 2d 3 — 36 n + 633 + 2622 + boo = 0 


aoo — 0 
boo = c?4 — 3 c 4 

C2oi = 3 c 4 T 6(^4 
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G io = 3^4 — 2 c 4 
a2o = 2ao2 + 26oi + 36io 

ail = a 0 2 + 46 0 i + 66i 0 
4 c 4 + 5 d 4 + 2003 + 3ai2 + 021 4 " 5a3o = 0 

Next, we determine all additional conditions on a^, bij, Ci, di which en¬ 
sure that B\ and Bo pass through the points to which Qi,... ,Qe deform, 
with the desired multiplicities at each point. To do so, we look in the chart 
C/ 4 . Here, the equation of A is 

u(l + / 3 ) + /3 — 1 = 0 . 

Solving for a gives 

1-/3 


Thus, the points at which A intersects B\ and /A are the roots of the fol¬ 
lowing polynomials: 

(/3 2 + l)(/3 2 + 4/3 + 6) 2 

and 

(/3 2 + l)(/3 2 + 6/3 + 6 ) 2 . 

This gives the six points at which B\ and /+ intersect A: 

= Q2 = (i,~i), 

Q 3 = (3 - 5 i, -2 + 4i), Q 4 = (3 + 5 i, -2 - 4 i), 

Q 5 = (-5 + 4 i, -3 + 5/), Qe = (-5 - 4 i, -3 - 5 i), 
where i 2 + 1 = 0 mod 7. 

The intersections of g\ = 0 and fjo = 0 with A are given by the zeros of 
the following polynomials: 

91 = (1 + /3) 3 (aoo + aoi/3 + ao 2 / 3 2 + ao 3 / 3 3 ) 

+(1 + /3) 2 (1 — /3)(aio + an/3 + ai 2 / 3 2 + ai 3 / 3 3 ) 

+(1 + /3)(1 - /3) 2 (a 20 + a 2 i/3 + a 22 ^ 2 + a 2 3 / 3 3 ) 

+(1 — /3) 3 (a3o + 031/3 + a32/3 2 + a33/3 3 ) 

92 = (1 + /3) 3 Ooo + 6 0 i/3 + 6 02 /3 2 + 6 03 /3 3 ) 

+(1 + /3) 2 (1 - /3)(6 10 + 6n/3 + 6 12 /3 2 + 6 13 /3 3 ) 

+(1 + 6)(1 — /3) 2 (6 2 o + 621/3 + 6 2 2 / 3 2 + 6 23 /3 3 ) 

+(1 — /3) 3 (63o + 6 3 i/3 + 632 /3 2 + 6 33 /3 3 ) 

Using these equations, we obtain 8 additional linear equations in a^-, b VJ , 
Ci, di. These ensure that B\ and /) 2 pass through Q \. Q 2 , that /i| passes 
through Q 3 , Qa, and that B-> passes through Q 5 , Qq. Note that each restric¬ 
tion arises from setting /3 equal to i, —i, —2 + 4i, —2 — M, —3 + 5 i, or —3 — 5 i 
in the appropriate equation. 

(B1Q1) 

( 3 ci — 3 c 4 + 3 di + d^ — 2a2o — 2 a 2 i — 031 + 3ao2 — ai 2 + 3ao3 — 26 io + 3632 + 2623)* 
+3ci—3c4+3di-|-(i4-|-2a2o — 2021+031—3ao2 — Oi2+3ao3+26io—3632—2623 = 0 
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(B1Q2) 

( — 3 ci +3C4 — 3 di — (^4 + 2020 + 2021 +031 — 3ao2+Oi2 — 3003 + 2610 — 3632 — 2623)* 

+ 3 ci— 3 c 4 + 3 (ii+(i 4 + 2 a 2 o — 2021+034— 3 oo 2 ~Oi 2 + 3 ao 3 + 26 io—3632—2623 = 0 

(B2Q1) 

(—3c2 — C3 — 3 d 3 — 020 - 3 o 3 i — ao2 — 26 n + b 22 + 3 b 32 + 623)* 

+3C2 + C3 + 3 d 3 — 020 — 3 o 3 i — 002 + 26 n — 622 + 3632 + 623 = 0 

(B2Q2) 

( 3 c 2 + C3 + 3 d 3 + 020 + 3o3i + ao2 + 2 &n — 622 — 3632 — b 23 )i 
+ 3 c 2 + C3 + 3 d 3 — 020 — 3 o 3 i - ao2 + 2 bn - b 22 + 3632 + 623 = 0 

(B1Q3) 

(—C4 + 2 d \ — 2 d 4 + 3 o 2 o + 3 a 2 i — 031 + 3 ai 2 + 26 io — 2632 — 3 b 23 )i 

+ 3 ci —C4 — 3 di —2^4 — 2 o 2 o+ 3 o 2 i — 3 o 3 i+ao 2 +oi 2 —003 — 36 io —3632+623 = 0 

(B1Q4) 

(04 — 2 di + 2 c ?4 — 3 a 2 o — 3 a 2 i + 031 — 3 ai 2 — 26 io + 2632 + 3 b 23 )i 

+ 3 ci —C4 — 3 di —2^4 —2o2o+3o2i —3o3i+ao2+oi2 —003 — 36 io —3632+623 = 0 

(B2Q5) 

(ci + 3 c 2 + 2 c 3 + 2 d \ — d 3 + 020 — 3a3i + 2 ao 2 — 610 + 36 n — b 22 + b 23 )i 

+2ci—2C2+2C3—3di+3d2—c?3 _ 2o2o — fl3i+3oo2+6io+36n—3622+632—3623 = 0 

(B2Q6) 

(—ci — 3 c 2 — 2 c 3 — 2 di + d 3 — 020 + 3a3i — 2ao2 + 610 — 36 n + b 22 — b 23 )i 

+2ci—2C2+2C3—3di+3(i2—c?3—2o2o—O3i+3ao2+6io+36ii—3622+632—3623 = 0 

Taking the derivatives of g\ and g 2 with respect to 8 and setting 8 equal 
to -2 + 4 i, -2 - 4 i, -3 + 5 i , or -3 - 5 * as appropriate gives the final four 
linear equations in a^-, 6ij, Cj, dj. These ensure that B\ and B 2 are tangent to 
A at Q 3 , Q 4 and Q 5 , Q 6 , respectively. 

(dBlQ3) 

(3ci — 2 c 4 — 3di + 3 di + 021 + 2031 + 2 clq 2 + 003 — 610 — 2 b 32 )i 

—ci + C4 — 2di + 2d 4 + 2020 + a 2 i + 3 ao 2 + 003 — 36 io — 2 b 32 — b 23 = 0 

(dBlQ4) 

(— 3 ci + 2 c 4 + 3 di — 3 d 4 — 021 — 2031 — 2 ao 2 — a 03 + 610 + 2 b 32 )i 

—ci + C4 — 2di + 2 d /± + 2020 + a 2 i + 3 ao 2 + 003 — 36 io — 2 b 32 — b 23 = 0 

(dB2Q5) 

(ci — 3 c 2 — C3 + 2 di + d 2 — 3 d 3 + 3a2o + 2031 + 3ao2 + 2 &io — 26 n — 3622 — 2 b 23 )i 
—C2 — 3 c 3 — 3 d 2 ~ 2 d 3 — 3 o 3 i — 3 ao 2 — 610 — b 22 — 3632 = 0 

(dB2Q6) 

(—ci + 3 c 2 + C3 — 2 di — d 2 + 3 d 3 — 3020 — 2031 — 3 oo 2 — 2610 + 2611 + 3622 + 2623)* 

—C2 — 3 c 3 — 3 d 2 — 2 d 3 — 3 o 3 i — 3 oq 2 — 610 — b 22 — 3632 = 0 
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Consider a basis element in H 1 (Pi, A/’a/p 1 ) corresponding via Lemma [34] 
to some deformation of the points P\,... ,P±,Qi,... ,Q$ together with the 
tangent directions of Pi,..., P 4 , Q 4 ,..., Qe in P 1 x P 1 . There are two cases, 
as in Lemma l3~4l 

Consider for example the basis element Ii. The existence of an equisin- 
gular deformation of (Pi, -Bi U By) mapping to I\ is equivalent to the ex¬ 
istence of ciij, b, 3 . c,, di which satisfy Equations 13.51 as well as B1Q1, B1Q2, 
B2Q1, B2Q2, B1Q3, dBlQ3, B1Q4-1, B2Q5, B2Q6. Here, we use Lemma 1571 
Next we consider the basis element I 4 . The existence of an equisingu- 
lar deformation of (Pi, By U By) mapping to I 4 is equivalent to the exis¬ 
tence of a l3 . bij,Ci, di which satisfy Equations 13.51 as well as B1Q1, B1Q2, 
B2Q1, B2Q2, B1Q3, dBlQ3, dBlQ3-l, B2Q4, B2Q5, B2Q6. Here, we use 
Lemma l3.7l 

Thus, each of the seven basis elements corresponds to finding a non¬ 
trivial solution of a large system of linear equations. As working with such 
large matrices is unwieldy, we use Macaulay2 to check this (see the code in¬ 
cluded in the Appendix). In each case, we find that solutions indeed form 
either a 3- or 4-dimensional vector space, depending on the basis element, 
completing the proof. □ 

Lemma 3.6. The singularity ( h\ + /iy/i 2 + h.o.t. = 0) C A 2 , where hi is a form 
of degree i, is a tacnode (or a degeneration of a tacnode). 

Proof Completing the square, the equation becomes ((hi + d/y 2 ) 2 + h.o.t = 
0) C A 2 . Letting h = h\ + ^Ly, the singularity becomes (h 2 + h.o.t. = 0) C 
A 2 . As there are no terms of degree 3, this is a tacnode. □ 

Lemma 3.7. Let B = (g = 0) he the germ of a smooth curve in A 2 which is 
simply tangent to the x-axis at the origin, and let B = (g + eg = 0) he its first 
order infinitesimal embedded deformation. Then B is tangent to the x-axis if and 
only if g (0,0) = 0. 

Proof. Suppose g( 0, 0) = 0. We have to show that there exists xo with 

5 (ex 0 , 0 ) + £g(ex 0 , 0 ) = 0 


and that 

^ (g(exo, 0 ) + £g{ex 0 , 0 )) = 0 . 

Taking the Taylor expansion of these with respect to e, the first of these 
obviously holds. The second holds for 


x 0 


-Si (0,0) 

g'K 0,0) 


□ 


4. The Boyd surface is a Dolgachev surface 

Lemma 4.1. Blowing-down N\ and N2 on P gives a Halphen surface of index 3 
li CDl Ch.V Sect. 6 ] with a multiple fiber Ai + ... + A 4 + G\ + ... G 4 of type !$■ 
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Proof. By d3.Hl . P has a fibration P —> P[ with connected fibers such that 
the general fiber is smooth of genus 1; see [B}. Sect. 7], Moreover, the /g 
fiber Ylt=] A + Ylt= 1 6 \: has multiplicity 3. Thus this elliptic fibration is a 
Halphen surface of index 3 (after one blows-down N\ and IV 2 ); see BCD! 
Ch.V Thm.5.6.1]. □ 

Lemma 4.2. The Boyd surface Y is a Dolgachev surface in characteristic 7. The 
elliptic fibration Y —>• P^ has four singular fibers: one I 4 with multiplicity 3, one 
Z 4 with multiplicity 2 , and two reduced I 2 . 

Proof. We denote by a the composition W —» P -7 Pj.. Since this is a pro¬ 
jective morphism, we have a Stein factorization for a, i.e. maps /3: W -7 C 
with connected fibers and 7 : £7 —» P], a finite morphism such that 0 = 70 /?. 
Notice that the multiplicity of the fiber B\ + B 2 + N\ + N 2 of P -7 P[ is 1, 
and so 7 : C -7 Pj|. is a finite separable morphism. Notice also that the fibers 
B\ + B 2 + N\ + N 2 and Ig in P —> P^ pull back to connected fibers of a with 
multiplicities 2 and 3 respectively. Since these multiplicities are coprime, 
we must have that the degree of 7 is one, and so 7 is an isomorphism. 
In this way a has connected fibers. In addition, since it has two multiple 
fibers, the Kodaira dimension of Y is nonnegative ICDj . 

The double cover W -7 P induces a connected etale cover between the 
non multiple fibers of a. Notice that P -7 Pj. can only have irreducible sin¬ 
gular fibers apart from B\ + lh+N\ +N 2 and /g, because the Picard number 
of P is 12. Therefore we can have either two I\ or one II as extra singular 
fibers. But a fiber of type II is etale simply connected, and so it does not 
have a connected etale cover of degree 2. Thus, P —>• P], has precisely two 
extra I) singular fibers, and their pre-images under W —> P give two I 2 
reduced fibers for a. This elliptic fibration induces a relatively minimal 
elliptic fibration Y -7 P[, after we blow-down the curves 6 ' 1 ..... 64 . 

Using well-known facts on double covers, one can easily verify that I\f = 
0 , x(Oy) = 1 , and 

Pg (Y) = h?(-L ) = h°(Kp + L) = 0, (4.1) 

where 

4 4 

L = 3a* (A) - ^2 Ei - 2 G; - iVi - JV 2 

i= 1 i=l 

is the line bundle defining the double cover it' . Thus q(Y) = 0. □ 

The previous Lemma shows the canonical class of Y has the form 

Ay ~ —F + T 2 + 2T3 = 1/6-F, (4.2) 

where A is a general fiber, T 2 is the 1 .4 with multiplicity 2 , and Tg is the 1 4 
with multiplicity 3. 

Lemma 4.3. Ks 0 is nef 

Proof. The Boyd surface Y is the minimal resolution of the surface So, which 
has log terminal singularities. Therefore, it suffices to show that Ay is nef, 
which follows from (14.21) . □ 
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5. Some mixed characteristic deformation theory 

In this section we show that the Craighero-Gattazzo surface can be de¬ 
generated to a special complex surface with a |(1,1) singularity. Our argu¬ 
ment is based on the following simple fact. 

Lemma 5.1. Let LZ be a DVR with residue field k and quotient field K. Let K he 
the algebraic closure of K. Let T be a smooth IZ-scheme. Let o £ T be a k-point. 
Let cr i,a 2 : Spec 1Z -a T be two sections passing through o. Then there exists 
an irreducible smooth K-curve C and a morphism C -a Tg such that its image 
contains 0 - 1 ( 77 ) and 02 ( 77 ), where 77 £ Spec LZ is the generic point. 

Remark 5.2. For the proof we only need or to be a section; a 2 can be a section 
Spec LZ' —> Tri after a finite surjective base change Spec 72' -a Spec 72. 

Proof. We can substitute T with an affine connected component Spec A of o. 
By IMumi p.56], it suffices to prove that Tk is geometrically connected. 
Since it is smooth over Spec K and has a A'-point a 1 ( 77 ), it suffices to prove 
that it is connected. Arguing by contradiction, suppose it is disconnected. 
Then H°(Tk,Ot k ) contains a non-trivial idempotent e. Let 7 r € 72 be a 
uniformizer. Since T is flat over Spec LZ, it is not a zero-divisor in A, and 
so e £ A[1/tt]. Let n be the minimal non-negative integer such that e can be 
written as a/ 7 T n with a € A. Then a 2 = n n a. Since T is smooth over Spec LZ, 
its special fiber is reduced. It follows that n = 0 because otherwise a 2 = 0 
mod (tv) and therefore a = 0 mod M/ which implies that n is not minimal. 
So e £ A, which contradicts connectedness of T. □ 

Lemma 5.3. Let LZbe a complete DVR with residue field k and quotient field K. 
Let K be the algebraic closure of K. Let F be a limit preserving contravariant 
functor from the category ofLZ-schemes to the category of sets. 

Fix Co € F (Speck). Let F ^ 0 be its "deformation functor", i.e. a functor from 
the category of pointed LZ-schemes ( X, xq), where xq is a closed point with residue 
field k, to sets. Specifically, F^ 0 (X,x 0 ) = {£ £ F(X),\ F(i)£ = Co}, where 
i : Spec k = Spec k(xo) a X is the inclusion. 

Suppose the restriction of F ^ 0 to the category of spectra of local artinian LZ- 
algebras with residue field k is smooth and satisfies Schlessinger's conditions HSchll . 
Suppose also that the natural map 

A^ 0 (SpecA) -A lim A^ 0 (Spec A/m n ) (5.1) 

is bijective for every complete local Noetherian LZ-algebra (A,m) with residue 
field k. 

Let £ 1 , £2 £ A£ 0 (Spec72) and let £ 1 , £2 € A(Spec K) be their pull-backs to 
Spec K. Then there exists an irreducible smooth K-curve C, K-points yi,i /2 £ C, 
and an element £ £ F(C) which restricts to £1 and £2 at y\ and 7 / 2 , respectively. 

Proof. By flSchl F > 0 admits a hull, and by (15.111 we can assume that the hull 
is induced by an element C € /y 0 (Spec Li), where (A, m) is a complete local 
Noetherian 72-algebra with residue field k. By Artin's algebraization theo¬ 
rem HAri Th. 1.6], there exists an 72-scheme of finite type T, a closed Appoint 
o £ T, an element C € F } 0 (T, o), and an isomorphism a : Or.,, -A Li such 
that F(a )C and ( agree on Li/m 71 for all n > 1. By d5.Hl . in fact F(a)( = (. 
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Since F^ 0 is smooth, T —> Spec R is formally smooth at o, and therefore 
we can assume that T is a smooth Til-scheme after shrinking it if necessary. 

Since R is complete, we can find sections a\, 02 : Spec R —> T such that 
F{af){ C) and S, agree on R/n n for any n > 1, where n C 'R is the maximal 
ideal. By (15.111 . F(ai)(() = It remains to apply Lemma l5d1 □ 

In our application F will be a functor of Q-Gorenstein deformations, as 
worked out in IHal in characteristic zero and 1AHI1 in general. For sim¬ 
plicity, we allow only Cohen-Macaulay surfaces. Following BAH1 . let KF 
be the category of Kollar families fibered in groupoids over the category of 
schemes. An object of KF over a scheme B is a triple (/ : X —>■ B,F, 0), 
where / is a proper flat family of connected reduced Cohen-Macaulay sur¬ 
faces, F is a coherent sheaf, and <f> : F —>■ oj x /b ' s an isomorphism. More¬ 
over, we assume that the formation of every reflexive power F^ commutes 
with arbitrary base change (we call this the Kollar condition) and that for 
every geometric point s of B there exists a positive integer N s such that 
/d A L \ Xa is invertible and ample. See I Al 11 for the description of morphisms 
in KF and for the proof that it is an algebraic stack. The functor Dem ' of 
Q-Gorenstein deformations is the associated set-valued functor of isomor¬ 
phism classes of Kollar families. 

Theorem 5.4. Let Rbe a complete DVR with algebraically closed residue field k 
and quotient field K. Let I< be the algebraic closure ofK. Let X\ and X 2 be tzvo Q- 
Gorenstein families over Spec 72. Suppose their special fibers are both isomorphic 
to a k-surface X. Let Kf^ be the restriction of KF to the category of R-schemes. 
Suppose it is R-smooth at X —» Spec k. Then there exists an irreducible smooth 
K-curve C, K-points yi,y 2 € C, and a Q-Gorenstein family over C with fibers 
at yi and ?/ 2 isomorphic to (Xi) x and (fl’ 2 )^, respectively. 

Proof. Since Kj^ is an algebraic 72-stack, its associated set-valued functor 
Def^ G satisfies the conditions of Lemma 15731 by Artin's criterion BArlll . □ 

In our situation, X\ will be a degeneration of the Craighero-Gattazzo 
surface to the contraction So of the Boyd surface Y. To construct the second 
family, we will need the following well-known fact. 

Lemma 5.5. Let k be an algebraically closed field, let Rbe a complete DVR with 
residue field k, let Y be a smooth projective surface over k and let C±,... ,C r C Y 
be smooth curves intersecting transversally. Suppose 

H\Y , T y (- log(Ci + ... + C r ))) = H\Y, Oy) = 0. 

Then there exists a smooth projective family of surfaces y —>■ Spec7£ with closed 
subschemes C\,... ,C r C y smooth and proper over Spec7?, such that the special 
fiber is (Y:G\,.... C r ). 

Proof. This is well-known but we sketch a proof for completeness. Let m C 
R be the maximal ideal and let R n = R/ m n+1 for each n = 0,1,... We 
first lift (K; Ci,..., C r ) to a scheme and a collection of subschemes flat over 
Spec R n for each n by induction on n. So assume we already have a lift 
( Y n : Cf ,..., Cf ) to Spec R n . We have an exact sequence 

0 —> Ty(— log (Ci +... + C r )) —>■ Ty ii*NQ 1 /y ©.. .®i r *NQ r /y —> 0 (5.2) 
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of sheaves on Y, where ij : Cfi —»■ Y denotes the embedding for each j. 
Since H 2 (Y ., Ty (— log(Ci + ... + C r ))) = 0, we have H 2 (Y ., Ty) = 0 as well. 
Therefore we can lift Y n to a scheme Y n+1 flat (and then automatically 
smooth and proper) over Spec77 n +i- Moreover, all possible lifts form an 
affine space with underlying vector space H 1 (Y. Ty). Since 

H\Y,Ty) H\CyN Cl/ y) © ... 0 H L (C r , N Cr/Y ) 

is surjective by H 2 (Y, Ty (— log(Ci + ... + C r ))) = 0, we can choose a lift 
such that the corresponding class in iT 1 (C'i, Nq/y) vanishes for each i. This 
class can be interpreted as an obstruction to lifting Cf C X" to a subscheme 
C” +1 c F n+1 flat over Spec77 n +i. So we can lift all C/s to subschemes 
Cf +1 C y n+1 flat (and automatically smooth and proper) over Spec 77 n+ 1 . 
The projective limit y = lim Y n is a formal scheme smooth and proper over 

Spf 77. The projective limits C-, = lim Cf for i = 1 ,n are closed formal 

subschemes smooth and proper over Spf 77. 

Since H 2 (Y , Oy) = 0, we can lift any ample invertible sheaf on Y to an 
(automatically ample) invertible sheaf on y. By Grothendieck's existence 
theorem ffEGAIIIll 5.4.5], there exists a scheme y projective and flat (and 
then automatically smooth) over Spec 1Z such that >’ is a completion of its 
special fiber. By l EGAIIIli 5.1.8], there exist closed subschemes C\ i ••• iC r c 
y such that Ci,... ,C r are completions of their special fibers. They are flat 
(and automatically smooth and proper) over Spec 7Z. □ 

Notation 5.6. We revert to the notation of the previous sections; in particu¬ 
lar 7Z will denote the ring of Witt vectors of an algebraically closed field k of 
characteristic 7. We denote by Y the Boyd surface over k. The (—4)-curve 
Ai and the (—2)-curve N\ of Y intersect transversally and in one point. 

Lemma 5.7. There exists a smooth projective family of surfaces y —> Spec 7 Z 
with closed subschemes C,Af c y smooth and proper over Spec 77 such that their 
geometric fibers are transversal rational curves of self-intersection —4 and —2, 
respectively. The special fiber is the Boyd surface (Y, 

Proof. This follows from Theorem 13.11 B4.ll) . preservation of intersection 
numbers, and Lemma 1531 □ 

We need a few facts about the |(1,1) singularity. Let //4 be the Z-group 
scheme SpecZ[t]/(/ 4 — 1) with comultiplication i —> l <g) i. Let 

X = SpecZju, vfi 4 = SpecZju 4 , u 3 v, u 2 v 2 ,uv 3 ,v 4 ], 

where p 4 acts on A 2 with weights (i, t). For any scheme S, we say that 
Xs —> S is the standard family of surfaces with |(1,1) singularity. If k is a 
field then X/,, is isomorphic to the cone over the rational normal curve in P 4 ,. 

Definition 5.8. Let S’ be a locally Noetherian scheme and let A —>• S be a 
flat family of geometrically connected reduced surfaces smooth outside of 
a section X : S —>■ X. We say that A —> S has a |(1,1) singularity along X 
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if there exists a (not necessarily cartesian) commutative diagram 

X’ —X 


S' s 

of morphisms with commuting sections X and S' : S' —> X' such that / is 
surjective etale, g is etale, and X' is isomorphic to an etale neighborhood of 
the section in the standard family 

Lemma 5.9. Let X —>■ S be aflat family of geometrically connected reduced sur¬ 
faces with a section X : S —>• X over a locally Noetherian base scheme S and 
smooth outside o/X. Then X has |(1,1) singidarity along X if and only if there 
exists a morphism ir : y —> X over S such that y —>• S is smooth, 7 r is an isomor¬ 
phism outside ofT,, and P = 7r _1 (X) is a ¥ 1 -bundle over S such that all geometric 
fibers have self-intersection —4. In this case X —> S satisfies the Kolldr condition. 

Proof. In one direction, we obtain y by blowing up X. In the opposite di¬ 
rection, since the question is etale-local on S and X, we can assume that 
X and S are spectra of Henselian local rings. By ILNl Th. 2.13], it suf¬ 
fices to find relative Cartier divisors D\ and D 2 oi X ^ S such that their 
scheme-theoretic intersections with P are disjoint sections of the P 1 -bundle. 
As in the proof of li LNl Th. 2.11], their existence follows from surjectivity 
of Pic A —> PicPj 1 EGAIV . Cor. 21.9.12], where s € S is the closed point. 
Finally, *s> (being toric) and hence X satisfy the Kollar condition. □ 

Recall that we have a contraction Y A Sq of Ai to a |(1,1) singularity. 

Lemma 5.10. We can "blow down" the deformation y —>• Spec 72 ofY to the de¬ 
formation y — > Spec 72 of Sq, i.e. there exists a morphism y —)• y of deformations 
over Spec 72 which on the special fiber gives a. 

This morphism contracts C to a section X of y —»■ Spec 72 and it is an isomor¬ 
phism outside X. The family y —>■ Spec 72 has a |(1,1) singidarity along X and 
is smooth elsewhere. It is Q -Gorenstein. 

Proof. This follows from the fact that R 1 a* ( Oy) = 0 as in IIWlll (where the 
equi-characteristic local case is worked out). Specifically, let y be the for¬ 
mal completion of the special fiber in y. Let y be a formal scheme with 
underlying topological space ,S'o and sheaf of rings a*(9y. The vanish¬ 
ing of R 1 a*{Oy) implies that y is flat over Spf72 by IW1 , 0.4.4], Since 

//-(,S'o, Os Q ) = 0 and Sq is projective, y carries an ample line bundle, and 
therefore is a formal fiber of a scheme y projective and flat over Spec 72, by 
Grothendieck's existence theorem 1 FGAITI1 .5.4.5]. Since the formal fiber 
functor is fully-faithful l EGAIIIl i 5.4.1], the morphism y —> y is induced 
by the morphism a : y —>• y. The rest follows from Lemma 15.91 □ 

Lemma 5.11. The IZ-stack is smooth at Sq —> Spec k 

Proof. It suffices to prove that the special fiber of /C^, i.e. the algebraic stack 
of Kollar families over k, is smooth at Sq —>• Spec k. There are several ways 
to deduce this from Theorem 13.11 One is to use the theory of index one 
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covers as in IfHal Section 3] (which assumes characteristic 0 but in our case 
this is not important because the index of the singularity 2 is not divisible 
by the characteristic 7). One can also mimic calculations in fHal in the 
setting of lAHl . Finally, one can apply [W] Prop. 6.4] (or I LN , Th. 4.6]), 
which shows that the morphism of deformation functors of artinian rings 
Def X —> Def Zoc X is smooth and that local Q-Gorenstein deformations of a 
\ ( 1 , 1 ) -singularity are unobstructed. □ 

Let (77; T, iV) be the general fiber of the family (>’; C,Af) —> Spec 77 after 
pull-back to SpecC. Let D —> Do be the contraction of L. Here Do is the 
general fiber of y —>■ Spec77 (after pull-back to SpecC). 

Theorem 5.12. There exists a Q-Gorenstein family of complex surfaces § —>• U 
over a smooth irreducible complex curve such that one of the fibers is Do and 
another fiber is the Craighero-Gattazzo surface S. 

Proof. This follows from Theorem l5.4l and Lemmas 15. 101 [2~4l and f5.11l □ 



FIGURE 3. The big picture 

The following corollary (of the proof) was first proved in HCPl Th. 0.31]. 

Porism 5.13. The Craighero-Gattazzo surface is unobstructed and its local mod¬ 
uli space is smooth of dimension 8. 

Proof Since the stack of Kollar families K,f is 77-smooth at So —>■ Spec k, 
the stack JCf. is C-smooth at S —>■ SpecC. But in the neighborhood of a 
smooth surface such as S, Kif can be identified with the Deligne-Mumford 
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stack of Gieseker families of canonically polarized surfaces with canonical 
singularities. □ 


6. Calculation of the fundamental group 

Proposition 6.1. The surface D is a complex Dolgachev surface with multiple 
fibers of multiplicity 2 and 3. In particular, tti(D) = 1. 

Proof. We first claim that 

^ lg (A)) = I- (6.1) 

We are going to use that 7rj' lg (,S') = 1 ffDWll . Since this is the only fact about 
S that we need, we can shrink the curve U from Theorem |5T2] and without 
loss of generality assume that U is a complex disc. Since S contracts onto 
Do, we have tti (<S) = tt] (Do). Now using the same argument as in [X] 
p.601], we have an exact sequence 

7Ti(5) -a 7Ti(5) -a 7T1 (U) -A 1, 

and so 7^(5) surjects onto tt i ( Do ). The right exactness of profinite comple¬ 
tions IRZIOl Prop.3.2.5] implies that 7rf s (5) surjects onto (Do), which 

implies (16.11) . Alternatively, surjectivity of 7rf § (5) -A irf'^( Do) follows from 
the Grothendieck's specialization theorem ISGAll Cor. 2.3]. 

We have Kp = 0. By Lemma 14731 and Corollary 15.121 Kp () is nef. There¬ 
fore, D is not rational. Indeed, if D is rational, then by Riemann-Roch 
h°{D,—Kp) > 1 and so —Kp ~ E > 0. Since Kp ■ T = 2, we have 
T C E. We know that f*(2Kp 0 ) ~ —2E + T where /: D -A Do is the 
minimal resolution. But E f T, and so f*(2Kp 0 ) cannot be nef. Also, the 
Kodaira dimension of D cannot be 0 because of the Enriques classification 
and Kp -T = 2, and cannot be 2 because of Kawamata's argument I1K92H 
(see m Lemma 2.4]). Therefore the Kodaira dimension is 1, and so D is an 
elliptic fibration over P 1 (since q(D) = 0). 

Say we have r multiple fibers of multiplicities mi ,..., m r . By JX] p.601], 

ni(D) ~ (oi,..., a r : a\ ■ ■ ■ a r = af 11 = ... = df r = 1). 

But this group is residually finite (see fLSl p.126] and IILSI p.141 last para¬ 
graph]). We also have irf s (D) = 7rf s (Po) (see IIKolD . and so by the above 
we get tti(D) = 1. This implies that there are only two multiple fibers 
miF\,m 2 F 2 with coprime multiplicities mi, m 2 . Let F be a general fiber of 
D -A P 1 , and let T • F = d. Then, since Kp ~ —F + (mi — 1)T\ + (m 2 — ljTA 

we have T • Kp = d ---— = 2. In addition, since T ■ F\ = — and 

T-F 2 = we have d = \m 1 m 2 , and so \{m\m 2 — m\ — m 2 ) = 2. The only 
possible solutions, up to permuting 1 and 2, are A = 2, mi = 2, m 2 = 3. □ 

Theorem 6.2. 71-1 (5) = 1. 

Proof. Here we use the method of BLPtt . which applies Van Kampen's The¬ 
orem and the Milnor fiber of the Q-Gorenstein smoothing of |(1,1). We 
only need tti(D \T) = 1. By Van Kampen's theorem, we have ~\(D) ~ 
7Ti (D \ T)/ (a) where a is a loop around T, and (a) is the smallest normal 
subgroup of 7Ti (D \ T) containing (a). We can and do consider a as given 
by a loop around N, since N and T intersect transversally. As N ■ T = 1, 
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the set N' := N fl (D \ T) is simply-connected, and so a C N' C D \ T is 
homotopically trivial. Therefore (a) = 1, and so t<\ ( I) \ T) = 1 since by 
Proposition 16.11 we have = 1. After this, one directly applies iLPfl 

(pages 493 and 499). □ 

7. Genus 2 Lefschetz fibration on a Dolgachev surface 

In Section [5] we constructed a lifting of the Boyd surface Y (a Dolgachev 
surface in characteristic 7) to some Dolgachev surface D in characteristic 0. 
Using results of Section[3]we can be much more explicit: 

Theorem 7.1. The Boyd surface Y can be lifted to a complex Dolgachev surface D 
of type 2 ,3, which possesses an 1 ^ fiber of multiplicity 2 , two (—A)-curves, and four 
elliptic (-l)-curves E\,..., P 4 . This surface has a Campedelli-type description 
as the minimal resolution of singularities of the double cover of P 1 x P 1 with four 
elliptic singidarities and two A\ singularities. 

Proof. In Section [3 the main point was to prove that 

iT 2 (Pi, Tpj (— log(A + B\ + P 2 ))) = 0. 

By applying the (—1) and (—2) principles as before, we have 

H 2 (P l5 T Pl (- log(A+Pi+P 2 +^ Ni+J2 Gi+Y, Ei+Y ^))) = °- 

By Lemma 1531 preservation of intersection numbers, and H 2 ( P 4 , Op,) = 0, 
we have that the configuration of curves A + Bi + E >2 + Ni + Gi + 
Ei + Ci + Fi exists in Pi over C. We will use the same notation as 
in char 7. Then, by contracting ffNt + G t + E t + C\ + F u we 
obtain curves A + B\ + B 2 in Pj. x Pj, with the corresponding singularities. 
In this way, we can check that A ~ (1,1) and /i, ~ (3, 3) in Pic(P 1 x P 1 ). 
Notice that the two singularities of B\ and the two singularities of B 2 may 
not be located at the special position we had in char 7. Let us call these 
points P\,.... P 4 as before. 

The linear system |0(2,2)| contains a member, which we call T, that 
passes through Pi,..., P 4 with the direction of the tangent cone to B 1 LJ /i 2 • 
Indeed, T exists because h°( P 1 x P 1 ,G(2,2)) = 9 and passing through 4 
points with 4 given directions imposes 8 conditions. 

Then one easily checks in Pi that 

B \ + P 2 + 2IVi + 2A 2 ~ 3T (7.1) 

as well as 

4 44 

Bi + B 2 + Y & ~ 2^3<t*(A) - A, - N 2 - 3 E { - Y &i) • (7.2) 

i=1 i=l i=1 

In this way, (17.11) gives an elliptic fibration Pi Pj, with one multi¬ 
ple fiber P of multiplicity 3, and (17.211 gives a double cover 1L P| of Pi 
branched along B\ + P 2 + Jf l= l G lr just as before. Again the pre-images of 
Gi,..., G 4 give (—l)-curves in W, which we contract to obtain a surface D. 
Using the standard formulas for double covers, as before, we get Kf = 0 
and x(Pd) = 1- Also, we can directly compute p g (D) = 0 using the defin¬ 
ing line bundle of the double cover, and so q(D) = 0. The pull-back of the 
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elliptic fibration Pi -» Pj. gives an elliptic fibration I) -+ Pj. with two mul¬ 
tiple fibers: the pre-images of T and B\ + B 2 + N\ + N 2/ with multiplicities 
3 and 2 respectively. The two (—4)-curves are pre-images of A. □ 

Moreover, we notice that the pull-backs of the two rulings of Pj. x Pj. 
give two distinct genus two fibrations D —>■ P^. 

Theorem 7.2. There exist Dolgachev surfaces (until multiple fibers of multiplic¬ 
ity 2,3) which carry genus 2 Lefschetz fibrations, specifically genus 2 fibrations 
without multiple components in fibers and such that the only singularities of fibers 
are nodes. 

Proof. In characteristic 7, we have two genus two fibrations on the Boyd 
surface induced by the two rulings in P 1 xP 1 . We first want to find out the 
singular fibers of these fibrations. For that, we need to look at the induced 
morphisms Bi C P —> P 1 x P 1 —> P 1 for each i and for each ruling. 

Using the equations (12.41) and (12.51) of B\ and B 2 respectively, we obtain 
that, for the ruling 3 = x/t, the morphism B\ —> P 1 has branch points at 
/3 satisfying (3 2 + l ) 2 = 0, and the morphism B 2 —» P 1 is branched at 3 
satisfying / 3 4 + A3 2 + 1 = 0. One verifies that in the first case, the points 
of ramification are Q\ = (—i, i) and (} 2 = (i, —i), and B 1 is tangent to the 
ruling with flex points at Q\ and Q 2 . For the second ruling, the roles of B\ 
and B 2 are interchanged in relation to ramification, and B 2 is tangent to the 
ruling with flex points at Q\ and Q 2 for B 2 . 

Using the previous observations on the ramification points of B\ —> P 1 
and B 2 —>• P 1 , we obtain the following singular fibers for the genus 2 fibra¬ 
tions Y —>• P 1 (we take it from one ruling, the other is analogous): 

(1) two reduced singular fibers consisting of E\ U A\ U E 4 and E 2 U 
A 2 U E 2> where E, are disjoint elliptic (—l)-curves, and A, are (—2) 
rational curves, each intersecting two Ej at one nodal point. 

( 2 ) two reduced singular fibers over j 3 = i,—i consisting of one nodal 
rational curve together with N±, and another rational nodal curve 
with N 2 . Each of the N t passes through the corresponding node, 
forming a simple triple point for the fiber. 

(3) four reduced singular curves, each consisting of a nodal curve whose 
resolution is an elliptic curve. 

We claim that there exists a lifting of this Dolgachev surface to charac¬ 
teristic 0 as in Theorem 17. 1 1 such that case (2) is eliminated. In other words, 
we have to construct a lifting of Pi together with the curves A + B\ + B 2 + 

Ni + Gi + Ei + Ci + Fi such that the flex ramification points 
for B 1 -+ P 1 disappear, becoming simple ramification for a degree 3 mor¬ 
phism B\ —> P : L Using the Macaulay2 code in the Appendix, we show the 
existence of a first other deformation of that type. This together with unob¬ 
structed deformations, as in the remark above, gives a lifting to Spec 1Z such 
that, over the generic point, the curve B\ is not flex with respect to any rul¬ 
ing. In this way, at least for one ruling, the corresponding genus 2 fibration 
on the complex 2, 3 Dolgachev surface has only singular fibers which are 
reduced and with nodes as singularities, i.e. it is a Lefschetz fibration. □ 
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APPENDIX 


This appendix contains the Macaulay 2 sou rce code use d to compute the 
rank of matrices in the proof of Theorem 13.11 and Theorem 17.21 


—For simplicity, this includes the extra variable y. 

R=ZZ/7 [t,cl,c2,c3,c4,dl,d2,d3,d4,a20,a21,a31,a02,al2,a03,blO,bll,b22,b32,b23 
. x, y] ; 

—Adjoin a square root of -1: 

Rl=R/(t'2+l) 

— Twenty-one of the restrictions on coefficients arising from forcing desired 
singularities at the points to which PI, P2, P3, P4 deform. These allow us to 
reduce the number of variables from 40 to 19. 

a33=0; b33=dl-3*cl; a32=-3*cl-6*dl; a23=2*cl-3*dl; 
a22=2*a31+4*b23-2*b32; al3=2*a31-2*b32+4*b23; 

a30=2*cl-dl+3*al2+2*a21+a03; b30=0; b31=3*c2+2*d2; b20=3*d2+c2; 
b21=6*bl0+6*a31+3*a20; b00=-c2-2*d2-2*bll-4*b22-b33; 
b03=0; b02=2*d3+3*c3; bl3=3*d3+c3; b01=5*al3+2*b23+3*a02; 
bl2=4*al3+6*b23+a02; a00=0; a01=3*c4+6*d4; al0=3*d4-2*c4; 
all=a02+4*b01+6*bl0; 

—The intersection of $\bar{B}_l$ and $\bar{B}_2$ with $\Delta$ 

(Here, x=$\beta$): 

glbar= (1+x)“3*(a00+a01*x+a02*x“2+a03*x~3) 

+(1+x)“2*(1-x)*(al0+all*x+al2*x~2+al3*x~3) 

+(1+x)*(1-x)“2*(a20+a21*x+a22*x~2+a23*x~3) 

+(l-x)~3*(a30+a31*x+a32*x~2+a33*x~3); 

g2bar= (1+x)“3*(b00+b01*x+b02*x“2+b03*x~3) 
+(l+x)~2*(l-x)*(bl0+bll*x+bl2*x~2+bl3*x~3) 
+(l+x)*(l-x)~2*(b20+b21*x+b22*x~2+b23*x~3) 

+(l-x)~3*(b30+b31*x+b32*x~2+b33*x~3); 

—The derivatives of glbar and g2bar: 
dglbar= diff(x, glbar); 

dg2bar=diff(x, g2bar); 

— B1 and B2 pass through Q1 and Q2: 

BlQl=sub(glbar, x=>t); BlQ2=sub(glbar, x=>-t); 

B2Ql=sub(g2bar, x=>t); B2Q2=sub(g2bar, x=>-t); 

— B1 passes through Q3 (x=-2+4i), Q4 (x=-2-4i): 

BlQ3=sub(glbar, x=>-2+4*t); BlQ4=sub(glbar, x=>-2-4*t); 

— B2 passes through Q5, Q6; 

B2Q5=sub(g2bar, x=>-3+5*t); B2Q6=sub(g2bar, x=>-3-5*t); 

— B1 is tangent at Q3, Q4: 

dBlQ3=sub(dglbar, x=>-2+4*t); dBlQ4=sub(dglbar, x=>-2-4*t); 


— B2 tangent at Q5, Q6 
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dB2Q5=sub(dg2bar, x=>-3+5*t); dB2Q6=sub(dg2bar, x=>-3-5*t); 

— Each of the following ideals gives the kernel of one of the seven the 
systems of linear equations. Notice that in each, we include the 
remaining seven restrictions arising from forcing desired singularities 
at the points to which PI, P2, P3, P4 deform. 


—move Q4 off Delta, moving Q5, Q6 along, keeping tangent direction 
at Q3, Q5, Q6 

Il=ideal(a30+c2+3*d2, b32-2*bl0-4*a31-2*a20, a03-c3-3*d3, 

c3+2*d3-3*bll+b33+2*b22+b00, b00-d4+3*c4, 
a20-2*a02-2*b01-3*bl0,4*c4+5*d4+2*a03+3*al2+a21+5*a30, 

B1Q1, B1Q2, B2Q1, B2Q2, B1Q3, dBlQ3, B1Q4-1,B2Q5, B2Q6); 

—move Q5 off Delta, moving Q4, Q6 along, keeping tangent direction 
at Q3, Q4, Q6: 

I2=ideal(a30+c2+3*d2, b32-2*bl0-4*a31-2*a20, a03-c3-3*d3, 

c3+2*d3-3*bll+b33+2*b22+b00, b00-d4+3*c4, 
a20-2*a02-2*b01-3*bl0,4*c4+5*d4+2*a03+3*al2+a21+5*a30, 

B1Q1, B1Q2, B2Q1, B2Q2, B1Q3, dBlQ3, B1Q4, B2Q6,B2Q5-1) ; 

—move Q6 off Delta, moving Q4, Q5 along, keeping tangent direction 
at Q3, Q4, Q5: 

I3=ideal(a30+c2+3*d2, b32-2*bl0-4*a31-2*a20, a03-c3-3*d3, 

c3+2*d3-3*bll+b33+2*b22+b00, b00-d4+3*c4, 
a20-2*a02-2*b01-3*bl0,4*c4+5*d4+2*a03+3*al2+a21+5*a30, 

B1Q1, B1Q2, B2Q1, B2Q2, B1Q3, dBlQ3, B1Q4,B2Q5, B2Q6-1) 


—leave all points on Delta, moving Q4, Q5, Q6 along, change tangent 
direction at Q3: 

I4=ideal(a30+c2+3*d2, b32-2*bl0-4*a31-2*a20, a03-c3-3*d3, 

c3+2*d3-3*bll+b33+2*b22+b00, b00-d4+3*c4, 
a20-2*a02-2*b01-3*bl0,4*c4+5*d4+2*a03+3*al2+a21+5*a30, 

B1Q1, B1Q2, B2Q1, B2Q2, B1Q3, B1Q4, dB!Q3-l,B2Q5, B2Q6) 


—leave all points on Delta, moving Q5, Q6 along, change tangent 
direction at Q4, keep tangent direction at Q3: 

I5=ideal(a30+c2+3*d2, b32-2*bl0-4*a31-2*a20, a03-c3-3*d3, 

c3+2*d3-3*bll+b33+2*b22+b00, b00-d4+3*c4, 
a20-2*a02-2*b01-3*bl0,4*c4+5*d4+2*a03+3*al2+a21+5*a30, 

B1Q1, B1Q2, B2Q1, B2Q2, B1Q3, B1Q4, dBlQ4-l,B2Q5, B2Q6, 
dB!Q3) 


—leave all points on Delta, moving Q4, Q6 along, change tangent 
direction at Q5, keep tangent direction at Q3: 

I6=ideal(a30+c2+3*d2, b32-2*bl0-4*a31-2*a20, a03-c3-3*d3, 

c3+2*d3-3*bll+b33+2*b22+b00, b00-d4+3*c4, 
a20-2*a02-2*b01-3*bl0,4*c4+5*d4+2*a03+3*al2+a21+5*a30, 

B1Q1, B1Q2, B2Q1, B2Q2, B1Q3, B1Q4, dB2Q5-l,B2Q5, B2Q6, 
dB!Q3) 
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—leave all points on Delta, moving Q4, Q5 along, change tangent 
direction at Q6, keep tangent direction at Q3: 

I7=ideal(a30+c2+3*d2, b32-2*bl0-4*a31-2*a20, a03-c3-3*d3, 

c3+2*d3-3*bll+b33+2*b22+b00, b00-d4+3*c4, 
a20-2*a02-2*b01-3*bl0,4*c4+5*d4+2*a03+3*al2+a21+5*a30, 

B1Q1, B1Q2, B2Q1, B2Q2, B1Q3, B1Q4, dB2Q6-l,B2Q5, B2Q6, 
dBlQ3) 

— Check the dimension of each ideal (note: each has one less 
dimension that Macaulay2 gives, because of the extra variable y) 

— four-dimensional 

diml=dim(Il); dim2=dim(I2); dim3=dim(I3); dim4=dim(I4); 

—three-dimensional: 

dim5=dim(I5); dim6=dim(I6); dim7=dim(I7); 

— The remaining code is used to prove the existence of the Lefschetz 
fibration. In particular, we prove existence of a deformation of B1+B2 
so that B1+B2 maintains its singularities at PI,..., P4 and so that B1 
is no longer tangent to the fiber x=i or x=-i at Ql, Q2: 

— $\bar{B}_l$ and $\bar{B}_2$ (alpha=y, beta=x): 
glbar= (a00+a01*x+a02*x“2+a03*x~3) 

+y*(al0+all*x+al2*x~2+al3*x~3) 

+y~2*(a20+a21*x+a22*x~2+a23*x~3) 

+y~3*(a30+a31*x+a32*x~2+a33*x~3); 

g2bar=(b00+b01*x+b02*x~2+b03*x~3) 

+y*(bl0+bll*x+bl2*x“2+bl3*x~3) 

+y~2*(b20+b21*x+b22*x~2+b23*x~3) 

+y~3*(b30+b31*x+b32*x~2+b33*x~3); 

— Writing the local equation of B1 along the fiber at Ql and Q2: 
BlQlbar=sub(sub(glbar, x=>t), y=>y-t); 

BlQ2bar=sub(sub(glbar, x=>-t), y=>y+t); 

— These ensure B1 vanishes at Ql and Q2: 
vanl=sub(BlQlbar, y=>0); van2=sub(BlQ2bar, y=>0); 

— These (when nonzero) force B1 to be no longer tangent to the fiber 
x=i, x=-i at Ql, Q2: 

dBlQl=diff(y, BIQlbar); dBlQ2=diff(y, BlQ2bar); 


Lefschetz=ideal(a30+c2+3*d2, b32-2*bl0-4*a31-2*a20, 
a03-c3-3*d3, c3+2*d3-3*bll+b33+2*b22+b00, b00-d4+3*c4, 
a20-2*a02-2*b01-3*bl0,4*c4+5*d4+2*a03+3*al2+a21+5*a30, 
vanl, van2, dBIQl-l, dBlQ2-l) 

dimL= dim(Lefschetz); — 10-dimensional 
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